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Abstract. Bokstedt and Madsen defined an infinite loop map from the em- 
bedded d-dimensional cobordism category of Galatius, Madsen, Tillmann and 
Weiss to the algebraic if -theory of BO{d) in the sense of Waldhausen. The 
purpose of this paper is to establish two results in relation to this map. The 
first result is that it extends the universal parametrized A-theory Euler char- 
acteristic of smooth bundles with compact d-dimensional fibers, as defined 
by Dwyer, Weiss and Williams. The second result is that it actually factors 
through the canonical unit map Q{BO{d)-f-) — ^ A{BO{d)). 



The parametrized Euler characteristic was defined by Dwyer, Weiss and WiUiams 
in [5] for fibrations whose fibers are homotopy equivalent to a finite CW complex. 
Broadly speaking, the Euler characteristic of such a fibration p : E B is a map 
that associates to every b G B the Euler class of the fiber p~^{b). The precise 
definition, which is given in terms of Waldhausen's algebraic iC-theory of spaces 
(A-theory) [13], produces this way a section of an associated fibration 



that is defined by applying the A-theory functor to p fiberwise. 

In the case where the fibration is actually a smooth fiber bundle and the fibers 
are compact smooth d-manifolds, possibly with boundary, the "Riemann-Roch the- 
orem" of [3] asserts that this fiberwise Euler characteristic can be identified with 
the composition of a stable transfer map, in the sense of Becker and Gottlieb |2], 
followed by the "unit map" from stable homotopy to algebraic iiT-theory. More 
concretely, if we consider the vertical tangent bundle of the smooth fiber bundle 
p : E ^ B to pass to BO{d), the parametrized A-theory Euler characteristic gives 
a map 



1. Introduction 



Ab{p) : Ab{E) ^ B 



^Dww. B^A{BO{d)). 
According to the Riemann-Roch theorem, the diagram 



B 



tr 



^Q{BO{d)+) 




A{BO{d)) 
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is commutative up to homotopy, where the map tr is given by the classical Becker- 
Gottlieb transfer and rj denotes the unit map at BO{d). 

Let Cd be the embedded c?-dimensional cobordism category of ^ . Roughly speak- 
ing, the objects are closed smooth {d— l)-manifolds and the morphisms are cobor- 
disms between them, all embedded in some high dimensional Euclidean space. Ev- 
ery closed smooth d-manifold M, embedded in some high dimensional Euclidean 
space, may be regarded as a cobordism from the empty manifold to itself and 
therefore it defines a loop in BCd- This rule defines a map 

iM ■■ SDiff(A/) ^ ^BCd 

where BDiff(M) is the classifying space of smooth fiber bundles with fiber M. 
Recently, Bokstedt and Madsen [7 defined an infinite loop map 

r: VLBCd -> A{BO{d)) 

which, in non-technical language, is given by viewing an n-simplex in the nerve of 
Cd as a filtered space equipped with a map to BO{d) defined by the tangent bundle. 
This raises naturally the following two questions: 

(f ) Does the restriction of the map t to B DifF(M) agree with the parametrized 

A-theory Euler characteristic of the universal bundle over i3DifF(M)? 
(2) Does the map r also factor through stable homotopy, via the unit map rj, 
as in the Riemann-Roch theorem above? 

Bokstedt and Madsen expressed their belief that the answer to both questions is 
affirmative in [3]. 

The purpose of this note is to show that both statements are indeed true. As- 
suming that (1) is true, then (2) can be regarded as a question about the additivity 
property of the parametrized yl-theory Euler characteristic with respect to the fiber. 
Although a proof of (2) (assuming (1)) along these lines should be possible, ours 
follows a different route and is probably technically a lot simpler. The first main 
ingredient is to consider the cobordism category Cd^o of compact smooth manifolds 
with boundary, studied by Genauer [8|, which contains Cd as a subcategory. The 
Bokstedt-Madsen map can be extended to a map 

f : QBCd.a A{BO{d)). 

The space ^lBCd,a receives a map from _BDiff(A/), defined as before, for every 
M compact smooth d-manifold, possibly with boundary. In Theorem l5.41 we show 
that the restriction of f to BDiS{M) agrees with the universal parametrized A- 
theory Euler characteristic, thus also answering Question (1). The proof uses the 
second main ingredient, namely, that the universal bundle over i3Diff(Af) defines a 
bivariant A-theory characteristic in the bivariant ^-theory of the bundle (see |il6j). 
and that the universal parametrized ^-theory Euler characteristic is the image of 
this characteristic under a coassembly map. Since a basic problem in comparing all 
these maps is to find first the right identifications between the various models used 
to represent the various homotopy types, bivariant A-theory becomes extremely 
useful here, because it can offer a unifying perspective. 

The homotopy type of Q.BCd,d was identified by Genauer to be equivalent 
to Q{BO{d)+). To answer Question (2), we show in Theorem 15.61 that, under 
this identification, the map f agrees with the unit map. This provides a geometric 
description of the unit map at BO{d) in terms of smooth c?-dimensional cobordisms. 
From this, it follows that the Bokstedt-Madsen map r factors through the unit map. 
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Organization of the paper. In section 2, we recall the definitions of the cobor- 
disni categories Cd and Cd,d and state the main results about their homotopy types 
from 7 and [8 respectively. In section 3, we discuss the bivariant A-theory of a 
fibration and study some of its properties. Only very special instances of bivariant 
A-theory will appear in the proofs of the main results, however we hope that the 
discussion of section 3 will also be of independent interest. In section 4, we review 
the construction of the A-theory coassembly map and recall the definition of the 
parametrized A-theory Euler characteristic from |16| . In section 5, we prove 
the main results of the paper, answering questions (1) and (2) above. In section 6, 
we end with a couple of remarks about the generalization of the Bokstedt-Madsen 
map to cobordism categories with tangential structures, and the connection with 
the work of Tillmann [12J where an analogous map was defined in the case of (a 
discrete version of) the oriented 2-dimensional cobordism category. 

Acknowledgements. The second author was supported by the Hausdorff- Center 
for Mathematics. He would also like to thank Johannes Ebert for helpful conversa- 
tions. 

2. The cobordism categories Cd and Cd,d 

In this section we recall the main results about the homotopy types of the embed- 
ded d-dimensional cobordism categories Cd and Cd,d from [7] and [8] respectively. 
For every n G NU{oo}, there is a topological category Cd,n defined as follows. An ob- 
ject of Cd,n is a pair (M, a) where a G M and M is a closed smooth (d— l)-dimensional 
submanifold of R'^-i+". (For n = oo, define IR'^-i+°° := colim„^oo with 
the weak topology.) A non-identity morphism from (Mo,ao) to (Mi,ai) is a triple 
{W,ao,ai) where oq < ai and is a compact smooth d-dimensional submanifold 
of [ap, ai] X M''^^+" such that for some e > 0, we have: 

(i) W n ([ao, ao + e)x M'*-i+") = [gq, ao + e) x Mq 

(ii) W n ((ai - e, ai] x M'*-i+") = (ai - e, ai] x Mi 

(iii) dW = Wn ({ao, ai} x M'^-i+"). 

Composition is defined by taking the union of subsets of R X M''-i+". The identities 
are formally added and regarded as "thin" product cobordisms. We abbreviate 

Cd ■= Cd,oD = colimCd,„. 

n— >oo 

The topology is defined as follows. For technical reasons, we work here with the 
slightly modified model discussed in 7, Remarks 2.1(ii) and 4.5]. Let denote 
the set of real numbers with the discrete topology and set 

BniM) = Emb(M,R''"^+")/Diff(A/). 

The space of objects ohCd,n is 

0hCd,n=M.^ X ]JB„(M) 
M 

where M varies over the diffeomorphism classes of closed {d — l)-manifolds. By 
Whitney's embedding theorem, the space Emb(M, ]R''^^+°°) is contractible, and so 
there is a homotopy equivalence Boo{M) ~ i?Diff(M). 

The definition of the topology on the morphisms is similar, but requires in ad- 
dition that the collars are preserved under the diffeomorphisms. In detail, given 
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a cobordism {W,ho,hi) from Mq to Mi with collars ho : [0,1) x Mq — )■ W and 
/ii : (0, 1] X Ml ^ W^, and < e < 1/2, let 

Embe(VF, [0,1] xR'*-i+") 

be the subspace of smooth embeddings that restrict to product embeddings on 
the e- neighborhood of the collared boundary (see [7 for a more precise definition) . 
This technical assumption is crucial in order to have a well-defined composition of 
morphisms. Set 

Emb(W, [0, 1] X R'^-i+") := colimEmb,(W, [0, 1] x M''-i+"). 

Let Diff(:(iy) denote the group of diffeomorphisms of W that restrict to product 
diffeomorphisms on the e-neighborhood of the collared boundary. Set 

Diff(T4^) = BiS{W,ho,hi) := co\imDiff,{W). 

There is a principal Diff (VK)-action on Emb(VF, [0, 1] x M^'-i+"). Set 

Bn{W) -.^ Emh(W, [0, 1] X M''-i+")/ Diff(M^). 
Then the space of morphisms morCrf.„ is 

morC<j,„ = ohCd U ]J((R^)* x B^iW)) 
w 

where W = {W,hQ,hi) varies over the diffeomorphism classes of d-dimensional 
cobordisms and (M^)'' denotes the open half plane {(ao,ai): oq < ai} with the 
discrete topology. 

We will be mainly interested in the "stable" case n = oo. We recall the main 
result of [7] that identifies the homotopy type of the classifying space BCd- Let 
Grci(M''"'"'^) be the Grassmannian of d-dimensional linear subspaces in R'*+'^ and 
consider the two standard bundles over it : the tautological d-dimensional vector 
bundle jd,k and its fc-dimensional complement J^^.- The spectrum MTO(d) is 
the Thom spectrum associated to the inverse of the tautological vector bundle 
Id 7d,oo over Grrf(R'^+°°), i.e. 

MTO(d),+fe: =Th(7j;,) 

and the structure maps are induced, after taking Thom spaces, from the puUback 
diagrams, k > d, 

lik © > lik+i 



Grd(R'*+'=) > Gr<j(M''+'=+i) 

Theorem 2.1 (Galatius-Madsen-Tillmann- Weiss [?])• There is a weak equivalence 

a: BCd^ n°°-^MTOid). 

Following similar methods, Genauer generalized the results of [7] to cobordism 
categories of manifolds with corners [8] . We will be mainly interested in the special 
case of manifolds with boundary. For every n € NU {oo}, there is a cobordism cate- 
gory Cd,d,n of smooth d-dimensional cobordisms between manifolds with boundary, 
nicely embedded in R x R''~^+". The precise definition is analogous: 
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(i) ' an object is a pair (M, a) where a G M'^ and AI is a smooth neat {d — 1)- 

dimensional submanifold of M+ x M'^^^+". (This model of "discrete cuts" 
is not considered in however the same remarks as in [71 Remarks 2.1(ii) 
and 4.5] apply in this case as well.) 

(ii) ' A non-identity morphism from (Afo,ao) to (Afi,ai) is a triple (W, uq, ai) 

where qq < ai and is a smooth neat c?-dimensional submanifold (with 
corners) of [qq, ai] x x ^d,-2+n satisfying (i)-(iii) as above; composition 
of morphisms is by taking the union of subsets. 

(iii) ' The topology is defined similarly by the orbit spaces of the actions of dif- 

feomorphisms on spaces of neat embeddings; see [8j for a precise definition. 

We abbreviate Cd,d := Cd.d,co = co\imCd,d.n- 

Theorem 2.2 (Genauer |8j). There is a weak equivalence 

a : BCd.g ^ n°°^^i:°°BO{d)+. 

Both weak equivalences are obtained as parametrized versions of the Pontryagin- 
Thom collapse map. We recall the description of this collapse map in the case of 
a single compact, possibly with boundary, smooth c?-manifold M neatly embedded 
in (e, 1 — e) X M+ x This can be regarded as a morphism in C^.a, from the 

empty manifold to itself, and therefore it defines a loop in BCd.o- Then the map d 
gives a loop in BO{d)^ defined as follows. Consider the Pontryagin-Thom 

collapse map 

{S^-^+^ A (R+ U {oo}), 3''-'+^ X {0}) ^ (Th(z.M), Thii^dAt)) 
and the classifying map of the normal bundle 

(Th(i.M),Th(j.aM)) -> {MTO{d)d+N,MTO{d - l)d-i+N)- 

The cofiber of the inclusion of spectra T,~^MTO{d - 1) ^ MTO{d) is equivalent 
to the spectrum Yi°° {BO{d)+) [7l Proposition 3.1]. So the composite map of pairs 
induces a stable map on cofibers, 

^ l]°°(BO(d)^) 

which defines the image of a at the embedded manifold M. On the other hand, if 
dM = 0, then the composite map is a loop in il°°~^MTO{d), 

gd+N ^ MTO{d)d+N 

which defines the image of a at the embedded closed manifold M. 

Note that there is an inclusion functor of cobordism categories Cd ^ Cd.d- The 
induced map on (the loop spaces of) the classifying spaces can be identified with 
the map of spectra 

MTO(d) ^ S°°(SO(d)+) 
defined by the canonical inclusion of Thom spaces Th(7j-j.) ^ Th(7j-j, © 7d,fe) — 
gd+k BO{d)+. We refer the reader to [H Section 6] for more details. 

3. BlVARIANT ^-THEORY 

Bivariant ^-theory was defined by Bruce Williams [16]. A less general "un- 
twisted" version can be discovered in unpublished work of Waldhausen. A variation 
of the latter was also considered by Bokstedt and Madsen [3] . 
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The purpose of this section is to review and, for technical convenience, shghtly 
modify WiUiams's definition of bivariant A-theory. This associates to a fibration 
p: E ^ B a bivariant A-theory spectrum A{p) that has the foUowing properties: 

(a) If B is the one-point space, then A{p) = A{E). 

(b) For every fibration q: V B and fiberwise map f : E V over B, there 
is a natural push- forward map /* : A(ji) — >• A{q). Moreover, push- forward 
maps are homotopy invariant, i.e. if / is a homotopy equivalence, then so 
is /». 

(c) For every pull-back square 

E XbB' > E 

p' p 

B' >S 

there is a natural pull-back map g* : A{p) — ^ A{p'). Moreover, pull-back 
maps are homotopy invariant, i.e. if 5 : _B' — ^ _B is a homotopy equivalence, 
then so is g* . 

(d) Push-forward maps commute with pull-back maps, i.e. given maps q, f 
and g as above, the following diagram commutes 

Aip) 1 ,A{q) 

g' g* 

A{p') > A{q') 

where q' is the pull-back of q along g and f : E x b B' ^ V x b B' is the 
map induced by /. 

The space A{p) is the iiT-theory of a Waldhausen category of retractive spaces 
over E that are suitably related to the fibration p. As usual, we assume that all 
spaces are compactly generated and Hausdorff. The category TZ{E) of retractive 
spaces over E consists of all diagrams of spaces 

Ey^ X ^ E 

where r o i = ids and z is a cofibration. A morphism of retractive spaces is a map 
over and under E. The category TZ{E) becomes a Waldhausen category if we define 
cofibrations (resp. weak equivalences) to be those morphisms whose underlying map 
of spaces is a cofibration (resp. homotopy equivalence). Let TZ'^^ (E) C Ti-iE) be 
the full subcategory of all objects (X, i, r) which are homotopy finite, i.e. which are 
weakly equivalent, in TZ{E), to an object {X',i',r') such that {X',i'{E)) is a finite 
relative CW-complex. This is a Waldhausen subcategory of TZ{E), whose X-theory, 
denoted by A{E), is the algebraic X-theory of the space E 15j. 

For the definition of the bivariant A-theory of p, we consider those retractive 
spaces over E that define families of homotopy finite retractive spaces over the 
fibers of p, parametrized by the points of B. 

Definition 3.1. Let p: E ^ B he a fibration. The category TZ'^f (p) C n{E) is 

i J- 

the full subcategory of all objects E ^ X ^ E such that: 
(i) the composite pr is a fibration, and 
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(ii) for each b E B, the space (pr) ^{b) is honiotopy finite as an object of 
TZ{p^^{b)) (with the obvious structure maps). 

Proposition 3.2. For every fibration p : E ^ B, the category TZ^^{p) is a Wald- 
hausen subcategory ofTZ{E). Moreover, it satisfies the "2-out-of-3" axiom (i.e. 
it is saturated in the terminology of |15| ] and admits functorial factorizations of 
morphisms into a cofibration followed by a weak equivalence. 

Proof. Define a cofibration, resp. weak equivalence, in TZ^^ {p) to be a morphism 
which defines a cofibration, resp. weak equivalence, in TZ{E). Since TiP-^ [p) C Tl{E) 
is a full subcategory which contains the zero object, it will suffice to show that 
{p) is closed under push-outs along a cofibration in TZ{E). Let 

Xo >Xi 



X2 >X 

be a push-out diagram of retractive spaces over E, such that p o ri: Xi ^ B are 
fibrations, for i = 0, 1, 2, whose fibers are homotopy finite relative to the fibers of p. 
Then the induced map por: X ^ B is a, fibration (see [S] ) , and there is a push-out 
diagram 

(pro)-i(&) > {pri)-\b) 



{pr2)-\b) 



^{pr)-\b) 



which shows that {pr)^^{b) defines an object of TZ^^ {p^^{b)), since this category 
is closed under taking such push-outs. The class of homotopy equivalences clearly 
satisfies the "2-out-of-3" axiom, so TZ^^ ijj) is saturated. It remains to show the 
existence of factorizations of morphisms. These will be obtained by the mapping 
cylinder construction as usual. Let / : (X, ixj'^x) — ^ (XtW i^y) be a morphism in 
TZ^^{p). Consider (X x /, joix, ^'xttx) as an object of 7?.'' •'^(E'), where jo (a;) = (a:,0) 
and -Kxix.t) = x. A cyhnder object Gy\^{X) for {X,ix,rx) is defined by the 
pushout square in TZ'''^{p) 



E X I- 



-^E 



ix xid 



X X /■ 



-.Cyl^(X) 



Then the mapping cylinder Mf of the map / : (X, ix, rx) — ^ (Y, iv, ^y) is defined 
by the push-out in TZ^^ ijj) 



X 
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and is denoted by {Mf,i', r'). Note that the fiber oi p or' : Mf B at b ^ B fits 
in the push-out diagram 

{prx)-Hb) > iprvrHb) 

130 

By the universal property of push-outs, there is a canonical map {Mf,i',r') — 
(y, iyjTy) which is also a homotopy equivalence. Then the standard factorization 
of the map / : {X, ix, rx) {Y, iy, ry) as 

(X, IX, rx)) — > iMf,i', r') > (F, ly, ry) 

defines functorial factorizations in TZ^f{p) with the required properties. □ 

Remark 3.3. lip: X x B ^ B is the trivial fibration, then the Waldhausen category 
TZ^f{p) is closely related to the bivariant category denoted by W{X, B) in 3J. Later 
on, this notation will be used here to denote the (classifying space of the) weak 
equivalences of TiP"^ {p). From now on, when we discuss about the homotopy type 
of a small category, we will often omit the classifying space functor "_B" , or simply 
replace it by "| • |", in order to simplify the notation. 

Definition 3.4. Let p: E ^ B he & fibration. The bivariant ^-theory of p is 
defined to be the space A{p) K{n^f{p)) = n\wS,TZ^f {p)\. 

Notice that if i? is a point, then the categories Ti!^^ {p) and TiP'^ {E) are the same, 
so we have Aijj) ~ A{E) in this case. 

We now proceed to define the push-forward and pull-back maps. Let q: V B 
be another fibration and f : E V a, fiberwise map, i.e. qof = p. The push-forward 
along / defines an exact functor of Waldhausen categories 

U:-R{E) ^TZ{V),X ^ XUeV. 

This actually restricts to an exact functor 

U:Tz'^Hp)-^T^''Hq) 

between the corresponding Waldhausen subcategories. Indeed we have already 
remarked that if X, E, and V are fibered over B, then so is also the adjunction 
space X UeV. Moreover, the fiber oi XUeV over a point 6 e _B is the adjunction 
space Xh U Vb and hence it is homotopy finite over Vb when Xj, is homotopy finite 
over E^. Hence we obtain a map in ii'-theory, 

U: A{p) ^ A{q). 

To define the pull-back maps, consider a pull-back square 

(1) E' >E 

p' p 

B' >B 



There is a functor 



g*:n''f{p)-^TV^f{p') 
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defined by sending a retractive space X over E to the pull-back X' X x b B' . 
This defines a retractive space over E' and a fibration over B' . Also for each h' E B' 
the fiber X'^, = ^g(b) is homotopy finite as a retractive space over E'^^, = Egij^y This 
shows that the functor is well-defined. Moreover, it preserves pushouts, cofibrations 
(see [9]) and homotopy equivalences, so it defines an exact functor of Waldhausen 
categories. Hence we obtain a map in iiT-theory, 

g*:A{p)-^A{p'). 

Remark 3.5 (Naturality) . In order to obtain strict naturality of these maps (and 
also to ensure that the size of the Waldhausen categories is small) we have to make 
certain additional assumptions. Fix, once and for all, a set U of cardinality 2 1*'. 
In the definition of an object (X, i, r) in TZ^^ {p), where p: E ^ B, we additionally 
require that X is a set-theoretical subset oi E U B xU, such that 

(i) the composite 

E ^ X ^ EUB xU 

is the inclusion of E into the disjoint union, and 

(ii) the following diagram is commutative: 

X^ > EMBxU 

B 

For a map f : E ^ V over B, the adjunction space XUeV is naturally a subset of 
V U B X U satisfying conditions (i) and (ii). On the other hand, suppose that we 
are given a pull-back square ([1]), then the pull-back X Xb B' is naturally a subset of 
E' TLB' X lA. Using these conventions, both push-forward and pull-back are strictly 
functorial and commute with each other. 

Proposition 3.6. Let p : E ^ B and q : V ^ B be fibrations and f : E V 
a fiberwise map over B. If f is a homotopy equivalence, then so are the induced 
push-forward maps wSnf* '■ wSn'R-'^^ {p) wSnTZ'^-^ {q) for all n > 0. In particular, 
the push-forward map /* : A(j)) — > A{q) is also a homotopy equivalence. 

Proof. We show this first in the case where / : E ^ V is a trivial cofibration by ap- 
plying Cisinski's generalized Approximation theorem j5] (cf. [15', Theorem 1.6.7]). 
So it suffices to check that the exact functor /* : TZ'^^{p) TZ'^^ (q) has the ap- 
proximation properties (API) and (AP2) of [5J p. 512]. Indeed the Approximation 
theorem of [5, Proposition 2.14] shows then that wSnf* is a homotopy equivalence 
for all n > (see [5; Proposition 2.3, Lemme 2.13]). 

Since / is a homotopy equivalence, then clearly g : X (over E) is a homo- 
topy equivalence if and only if /*(5) : X[JeV ^ YUeV is a, homotopy equivalence, 
so (API) is satisfied. Let (A", zx,7'x) be an object ofTZ^^{p), (F, iy,ry) an object 
ofn'^f'iq) and 

u : f,{X,ix,rx) = (X Ue V,t'x,r'x) ^ {Y^iY^ry) 

a map m n''f{q). We factorize the retraction map ry into a trivial cofibration and 
a fibration 
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Clearly (Y',iY' — j ° iY,q) is an object of TZ'^^ [q) and its restriction iY'^^iy 
over E is an object of 7^''^(p). There is an adjoint map 

V : {X,ix,rx) ^ (l^'^;, iy, (?) 
in Ti!^f [p). Then we have a diagram in TZf^^ [q) as follows 

{X Ue V, I'x, r'x) > {Y, iY,rY) 

(1^'^ Ue V, iy , q) > = > {¥', lY' , q) 

and therefore (AP2) is also satisfied. This concludes the proof in the case where 
/ is a trivial cofibration. The general case of an arbitrary homotopy equivalence 
follows from this by factorizing f : E ^ V in the standard way as 




to reduce this general case to the case of trivial cofibrations. □ 

Corollary 3.7. Let p : E ^ B and q : V B be fibrations and f,g:E^V two 
fiberwise maps over B. If f ~b 9 cire fiberwise homotopic over B, then wSnf* — 
wSnQ* '■ wSnTl^^ {p) wSrJl^^ [q) are homotopic for all n > 0. Moreover, ~ 
5, : A{p) — >■ A{q) are also homotopic. 

Proof. It suffices to prove the statement for the inclusions at the endpoints 

Jo,ji: E ^ E X I 

regarded as fiberwise maps from p to the fibration p' : E x I B. Both are split by 
the projection tt : E x I ^ E over B. By Proposition 13.61 the push- forward maps 
wSn{jo)* and wSniJi)* are homotopy equivalences with homotopy inverse given 
by wSnT^*. It follows that they are homotopic. The last statement can be shown 
similarly. □ 

Proposition 3.8. Let p : E ^ B be a fibration and g: B' ^ B a map as in 

diagram ([1]). If g is a homotopy equivalence, then so are the induced pull-back maps 
wSng* '. wSnH-^^ [p) vuSnTZ'^-^ {p') for all n > 0. In particular, the pull-back map 
g* : A{p) — > A(p') is also a homotopy equivalence. 

Proof. It is enough to show that ii io,ii: B ^ B x I are the inclusions at the 
endpoints, then the induced maps 

iQ,il: wn^i'ij) X id/) ^ wTZ'^^'ip) 

are homotopic. By Corollarv 13.71 it suffices to show that the maps 

(jo)* o t*, (ji), o il : wTZ'^fip X id/) wTZ'^^iq) 

are homotopic. Let 

n'^^ip X id/) ^ wn''f{q) 
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be the forgetful functor which views a fibration over B x I as one over B. Then 
there are natural weak equivalences of functors 

Uo)* Oi* ^TT <^ (jl)* oil 

which give the desired homotopy after geometric realization. Applying the same 
argument in each degree of the S'.-construction finishes the proof. □ 

As a consequence of the homotopy invariance of bivariant ^-theory, we can define 
the thick model for ^-theory as follows. This model will be needed in the proofs of 
the main results. We abbreviate 

SqW{X,B) := \wSq'R^f 

The thick model for \wSqTZ^^ {X)\ is defined to be the geometric realization of the 
simplicial space 

SqW{X,^.*) 

where A" — |A^| denotes the standard topological n-simplex and the simplicial 
operations are induced by the pull-back maps. By Proposition 13 .8) the inclusion of 
the zero-skeleton defines a homotopy equivalence 

SqW{X, A°) 4 \SqW{X, A*)|. 

Passing to the loop spaces of the geometric realizations, we obtain a homotopy 
equivalence 

A{X) ^ A^{X) n\[q], [n] ^ SgW{X,A'')\. 





fx X A"\ ' 


[n] >^ SgW 






^ A" ). 



4. The parametrized A-theory Euler characteristic 

The purpose of this section is to review a description of the parametrized A- 
theory Euler characteristic of Dwyer, Weiss and Williams (6) using bivariant A- 
theory. Let p: E ^ B he a fibration with homotopy finite fibers. The retractive 
space E X S'^ over E is an object of TZ''^f{p), so it defines a point 

x{p) e A{p) 

called the bivariant A-theory characteristic of p. Williams observed in |16| that the 
parametrized ^-theory characteristic of [6j is actually the image of xip) under a 
coassembly map. 

In order to describe this coassembly map, we recall first some facts about homo- 
topy limits of categories. Let cat denote the (2-)category of small categories. For 
every small category I, the category cat-^ of I-shaped diagrams in cat is enriched 
over cat as follows: If 7^,0 ■ I ^ cat are two functors, then the natural transfor- 
mations from F to Q are the objects of a small category Hom(J^, Q). The morphism 
set in this category between two natural transformations rj^O : J- ^ Q is given by 

Hom(^, g){T^,e) = {H: T x[}]^ Q; Ho = V, Hi = 6} 
where [1] denotes the constant I-diagram at the category [1]. 
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Definition 4.1. Let I be a small category and Q: T ^ cat an I-shaped diagram 
of small categories. The homotopy limit of Q is the category 

holimg := Hom fX/?. Q) 

where I /I : I — > cat is defined on objects by sending i G ohX to the over category 
X/i. 

Remark 4.2. The nerve of the homotopy limit of an I-shaped diagram of small 
categories agrees with the homotopy limit of the associated I-shaped diagram of 
the nerves as defined in [4 . However, this definition should not be confused with 
the notion of homotopy limit as the derived functor of limit on the category of 
I-shaped categories. 

Remark 4.3. If the functor Q actually takes values in Waldhausen categories (and 
exact functors), then, by the naturality of the construction, there is a simplicial 
category [n] H> holimwSnG ■ 

The following lemma is a straightforward exercise in the definition of the homo- 
topy limit. 

Lemma 4.4. A functor F: C holim^ determines and is determined by the 
following data: 

(i) for each i gT, a functor Fi'. C Q{i), and 

ill) for each morphism u: i ^ j inX, a natural transformation w from Q{u)oFi 
to Fj, such that id- = id, and the following cocycle condition is satisfied: 
for every v: j ^ k in X, we have 

{v o u)' = v' o Q[v){u') 

as natural transformations between functors C — > Gik). 

We can now define the coassembly map associated to the fibration p : E B. 
Assume that B is the geometric realization of a simplicial set B,. Let simp(i?) 
denote the category of simplices of B: an object is a simplicial map a: — > B,, 
and a morphism from to r: A^' — )■ i?, is a simplicial map — > A^' making the 
obvious diagram commutative. We will normally avoid the distinction between the 
simplex a and its geometric realization. Consider the functor 

wU^'f (£;|7) : simp(B) ^ cat, a ^ wTZ''^ {E\„), 

which is defined on morphisms by the push-forward maps. For every a G simp(_B), 
there is a restriction functor 

F„ : wn''^{p) wTZ''f{cr*p) wTZ''^ {E\„) 

which sends a retractive space X over E, which fibers over B, to its restriction 
over the simplex a viewed as a retractive space over the corresponding restriction 
of E. If w: a ^ T is SL morphism in simp(i3), then there is a natural transformation 
induced by the inclusion of restrictions 

u' : U^,Fa- Ft- 

An easy check shows that the cocycle condition is satisfied. The same construction 
works when TZ'^^ is replaced by Sn'Tl'^-^ , the n-th simplicial degree in Waldhausen's 
S',-construction. Thus, by the Lemma 14.41 we obtain (simplicial) functors 

a: w 7^'*^ (p) holim w7^'•/ {E]?), a: wS^lZ^^ {p) holim wS^lZ^^ {E\7). 

simp{S) simp(S) 
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Remark 4.5. Again there is a technical point to consider. As it stands, the category 
Tl^^{(T*p) is not a subcategory oi TZ'^-f {E\a) since an object in the fornicir category 
is a subset of E\cr U A" x U while an object in the latter category is a subset of 
E\crUU. To deal with this, fix once and for all 

• a set-theoretic embedding of each standard simplex A" into U, and 

• a bijection U xU ^U. 

Using this, we have A" xU CU xU = U and we obtain a well-defined embedding 
of categories n''-l'{a*p) ^ TZ''^E\„). 

We make the following 

Observation 4.6. For every functor G- I ^ cat, the geometric realization defines 
a map | ■ | : | holim^| holim \Q\. This map is adjoint to the simplicial map 

A/-feholimg -14 map(A^map3:(|X/?|, \g\)) = map(A^ holim 

using the standard model for holim \Q\. IfQ takes values in Waldhausen categories, 
then similarly there is a map | ■ |: | holim — >■ holim IwS'.^l. Moreover, by 
taking loop spaces, we obtain the map 

p: fl\ holim wStQ\ holim fl\wS,Q\ = holimK oQ. 
Definition 4.7. The A-theory coassembly map is defined to be the composite map 
coass{p): A{p) n\ holim wS.Tl''^ A holim A{E\?). 

simp(B) siinp(B) 

The target of the coassembly map is again natural with respect to the covariant 
and contravariant operations induced respectively by the push-forward and pull- 
back maps, li f: E — >■ F is a map between fibrations over B, then there is a 
natural transformation 71^^ {E\^) H^f (Fl?) inducing 

holim A{E\'^) holim A{V\^). 

simp(i3) simp(S) 

On the other hand, consider a pull-back diagram 

E' >E 




and suppose that g: B' ^ B is the geometric realization of a simplicial map g,. 

So there is a functor simp((/): simp(_B') — simp(i3) and for every object a of 
simp(iJ'), there is a canonical isomorphism E'\„ = E\goa, since both spaces are 
just the pull-back of E along g o a. Hence we obtain a natural isomorphism of 
functors 

aimpig)* A{E\-?) = A{E'\-?) 
defined on simp(_B'). Then we can define the pull-back operation as 

g*: holim y4(£;|7) ^ holim simp(c/)*y4(£;|7) ^ holim y4(£;'|7), 

siinp(B) simp(B') siinp(S') 

where the first map is induced by base-change along the functor simp(g). An easy 
check shows that {g o h)* = h* o g* . The following proposition, which will be 
important later on, is now obvious. 
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Proposition 4.8. The A-theory coassembly map is natural with respect to the 
covariant and the contravariant operations. 

Corollary 4.9. The A-theory coassembly map of p : E ^ B is a homotopy equiv- 
alence if B is contractible. 

Proof. This is obvious if _B is a point, since then the coassembly map is essentially 
the identity map. Suppose that B is contractible. Let F be the fiber oi p : E ^ B 
over a 0-simplex of B. By naturality, we have a commutative diagram 



where the vertical maps are given by restriction at the 0-simplex and the horizontal 
ones by the coassembly map. By the homotopy invariance of Proposition 13.81 the 
left-hand vertical arrow is a homotopy equivalence. Since the functor ^(£'1?) sends 
all morphisms to homotopy equivalences, its homotopy limit is homotopy equivalent 
to the space of sections of a fibration over |simp(i3)|. Under this identification, 
the right-hand vertical map corresponds to the evaluation of the section at the 
chosen base-point. Since |simp(i3)| ~ *, this evaluation map is also a homotopy 
equivalence and therefore the result follows. □ 

We mention the following alternative description of the coassembly map in the 
special case of a trivial fibration ttb : X x B ^ B. This will be useful in the next 
section. To ease the notation, let us abbreviate 



Assume that B is the geometric realization of a simplicial set B,. For every x € 
W{X, B), pulling back along the inclusion of the simplices defines a simplicial map 
X* : B, ^ W{X, A*). Define the scanning map to be the map 



which sends x to the geometric realization of the simplicial map x* . The same 
construction at the level of ^-theory yields a map 




A{F) 



A{F) 




scan(X, B) : W[X, B) map(B, \W{X, A')|) 
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and the following diagram is commutative, where the vertical maps are given by 
"group completion" , 

W{X, B) """^""'"'^ ) map(B, \W{X, A*)|) 



'X X B\ 
A I i 
B 



scan(X,S) 



4map(B,^AW) 



Lemma 4.10. There is a homotopy commutative diagram 

>map(B,^A(^)) 



'X X B^ 

A ( ; 

B 



scsLn{X,B) 



coass(7rB) 



holim^(Xx?) 

siinp(B) 



Proof. It is enough to show that there is a commutative diagram as follows, where 
the labelled arrows and the composite right-hand arrow are homotopy equivalences: 



/X X B\ 

A\ I >map(B,^A(X)) 



holimsij„p(B) A{Xx7) > map(B, |[n] holimsimp(A;f) -4(Xx?)|) 



map(5, A{X)) ^ > map(B, |sin*°P A{X)\) 

The horizontal maps in the first and second line are given by the scanning con- 
struction and the upper vertical maps are defined by the coassembly map. Since 
the coassembly map is natural with respect to the base, the upper square is com- 
mutative. 

In the lower line, sin*°P = map(A*, — ) stands for the topological singular con- 
struction. The map from the middle to the lower line is given by the projection 
from X X ? to X and the identification of the homotopy limit of a constant diagram 
with a mapping space. Under this identification the lower line of the diagram is 
induced by the adjunction between geometric realization and sin*°P. This map is a 
homotopy equivalence, in fact, it is homotopic to the map induced by the inclusion 
of the zero-simplices A{X) = map(A", A{X)) into sin'°P A{X) since both maps are 
split by the co-unit 

\sm'°P A{X)\ ^ A{X) 
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of the adjunction. To see that the composite right-hand arrow is also a homotopy 
equivalence, note that it is defined by the map of simplicial spaces 

holim ^(Xx?) 4 map(A",A(X)) 
simp (A;;-) 

which is a homotopy equivalence in each simplicial degree by Corollary 14.91 and 
therefore so is also its geometric realization, since both simplicial spaces are good 
in the sense of [H]. □ 

Definition 4.11. Let p : E ^ B = \B,\ he a, fibration with homotopy finite fibers. 

(i) The bivariant A-theory characteristic xip) £ ^{p) is the point determined 
by the retractive space E x over E, considered as an object of TZ'^^{p). 

(ii) The parametrized A-theory Euler characteristic is the image of the bivariant 
A-theory characteristic under the coassembly map 

coass(p): A(p) holim A{E[f). 

simp(i5) 



5. The Bokstedt-Madsen map to A-theory 

Bokstedt and Madsen |3] defined an infinite loop map r : VtBCd A{BO{d)). 
Broadly speaking, the map sends an n-tuple of composable d-dimensional cobor- 
disms to the union of the cobordisms, regarded as a filtered space, together with 
the map to BO{d) that classifies the tangent bundle (cf. [l2])- To make this precise, 
they described the map as a simplicial map on the singular set of N^Cd to the thick 
model for the A-theory of BO{d). 

Similarly we define a map 

f : Q.BCd,a -> A{BO{d)) 

that extends r along the map induced by the inclusion functor Cd ^ Cd^o- The 
map f is defined by a bisimplicial map 

fp,, : sinpiV,Cd,a,n ^ 5g7^"■^(Grd(M'*+"), AP) 

by letting n — >■ cx) and taking the loop spaces of the geometric realizations. Here 
sin,(— ) denotes the simplicial set of singular simplices. A (smooth) p-simplex of 

NqCd,d,n 

a : AP ^Cd,a,„((Mo,ao),(Afi,ai)) x ••• x C<i,a,„((M,_.i, a^^i), (Af„ a,)) 
determines a (smoothly embedded) smooth fiber bundle over A^* 
i;[ao, a,]C > AP x [ao, a,] x IR+ x M'i-2+" 




together with a filtering by a sequence of codimension zero smooth sub-bundles 
over AP, 

£^[ao,ai] C ■ • • C E[aQ,a^. 
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The classifying map of the vertical tangent bundle of tt restricts to maps tan^(7r) : 
E[ao, Qi] Gr(i(R''^") for every i = 1, . . . , q. This produces a filtered sequence of 
retractive spaces over Gr(i(R'^+") x A^' given by 

Grrf(R^+") xAP^ E[ao,a,] Ub(,„) Grd(R''+") x ^ Grd(R'^+") x 

where 

^(ao) = E[ao,a,] D (A^ x {ao} x R^-i+") 
fibers over A^, and the retraction map on E[aQ, a^] is defined as follows 

rE[ao,ai] = (tan''(7r),7r). 

The collection of these retractive spaces defines an object of SqTZ^^ (Grd(R'''''"), A^). 
The following lemma is immediate from the definitions. 

Lemma 5.1. For every 1 <n < oo, the maps {Tp,g}p,g define a bisimplicial map 

T.,, : sin. 7V,Crf,a,„ ^ 5,7^''^(Grrf(E'^+"), A*). 

Setting n = oo and taking the loop spaces of the geometric realizations of these 
bisimplicial sets, we obtain a (weak) map: 

f : nBCd,d ^ ^\ sin. N,Cd,d\ ^ AA{BO{d)) T A{BO{d)). 

Note that r is a map of loop spaces by definition. The following proposition is now 
obvious. 

Proposition 5.2. The following diagram commutes up to homotopy, 
VLBCd^ > VLBCd,d 



A{BO{d)) 

In view of Theorem l2.2[ it follows that the map r factors through Q{BO{d)+) 
Vt^Tj°° BO{d)+ . Moreover, it will be shown in Theorem 15.61 that the map f can be 
identified with the canonical unit map r] : Q{BO{d)+) — A{BO{d)). 

Remark 5.3. Similarly we can define maps from other cobordism categories with 
corners to A{BO{d)) that in turn extend the map f above. We refer the reader to 
[51 Definition 4.1] for the precise definition of these cobordism categories, and to 
[HI Proposition 6.1] for the general result determining their homotopy types in the 
unoriented case. 

Let M be a compact smooth d-dimensional manifold, possibly with boundary, 
neatly embedded in (e, 1 — e) x ]R_|_ x R°°. This can be viewed as an (endo)morphism 
of the empty manifold in Cd,d (situated inside {0} x R°° and {1} x R°°). Thus we 
obtain an inclusion map zm : B^{M) ^ NiCd^d ^ ^0BCd,d- Let xf/^ denote the 
restriction of the map f along iM, i-e. 

Our first goal is to compare the map Xa/^ with the universal parametrized A-theory 
Euler characteristic xfi^^ 0! [IS]- Explicitly, the map Xm^ is defined as follows. 
Write Bm = | sin. Boc{M) \ and let pM ■ Em Bm be the universal smooth bundle 
with fiber M. The vertical tangent bundle defines a map over Bm, 

Tan'' (pm): Em ^ Bm x BO{d) 
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2) 










which induces a functor 
Tan"(pM)*: 

The retrative space Em x 5" determines a point in I'wTZ'^-f {pm)\- After "group 
completion" , this point is just the bivariant A-theory characteristic of pm- Then the 
scanning construction apphed to the image of this specific point under Tan^ (pM ) * , 
foUowed by "group completion" , define the map: 

xfl'- Boo{M) ^ Bm ^ \W{BO{d),A')\ ~ IwTZ'^f {BO{d))\ ^ A{BO{d)). 

As scanning is compatible with "group completion" , the map xf/^ oi Bokstedt- 
Madsen agrees with the image of Ta.n" {pm)*{x{pm)) under the scanning construc- 
tion 

^BO{d) X Bm^ 

i j ^map(BAf,AA(SO(d))), 

Bm / 

once we have identified AA{BO{d)) with A{BO{d)) and Boo{M) with Bm- 

On the other hand, we obtain a new map by passing to the parametrized A- 
theory Euler characteristic of pm first, via the coassembly map, and then applying 
Tan" (pm)* to it. In this case, the image of the parametrized A-theory Euler char- 
acteristic of Pm under the composite map 

holim A{Em\?) '^''"''^"^•) holim yl(SO(d)x?) ~ map(Bj,/, AA(BO(d))) 

simp(SA/) simp(SA/) 

defines the universal parametrized A-theory Euler characteristic map for smooth 
bundles with fiber M (cf. [IS], [6]), 

xT"^- BUM) ^ Bm ^ AA{BO{d)) ~ A{BO{d)). 

Theorem 5.4. The maps xf/^ ^^d. xfi^^ agree up to homotopy. 

Proof. Let x denote the image of x{pm) under the push- forward of Tan" {pm)^ 

(Em\ (BO{d) X Bm^ 

Tan''{pM)*:WR^f \ i \ ^ wlV'^ \ i 
\Bm J \ Bm 

By Proposition 14. 8[ the coassembly map commutes with the push-forward map 
Tan" {pm)*- Hence the image of the parametrized A-theory characteristic of pa/, 
under the push-forward map 

holim Tan" (pAf)*: holim A{E[;) ^ holim A{BO{d)xl) 

simp(_BM) simp(_BM) 

agrees with the image of Xi under the coassembly map. By definition, this point 
defines the homotopy class of XAt^^ via the homotopy equivalence h. On the other 
hand, the homotopy class of Xa/^ is the component of the image of x under the 
scanning map. Thus we have the following diagram 

xbM) — > X [xr ] 

coass(x(pAf )) 1 ''°'"°'^^" ^^^V coass(x) <— ^ [x°^^] 
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and the agreement of the two homotopy classes of maps in ttq map(i3Af , A{BO{d))) 
foUows from the homotopy commutative diagram of Lemma 14.101 □ 

The weak equivalence of Theorem 12.21 implies that ilBCd,d admits the structure 
of an infinite loop space. Broadly speaking, this is the same structure as the 
one induced by the operation of making two embedded cobordisms disjoint and 
taking their disjoint union. However, some careful analysis is required to make 
this operation precise since there is no canonical choice of making two embedded 
cobordisms disjoint, in a symmetric manner. A possible approach is to construct a 
F-space consisting of n-tuples of cobordisms that are disjoint. Another one would 
be to follow the methods of [3] to construct deloopings of BCd,d geometrically. For 
our purposes here, it will suffice to assume the infinite loop space structure on 
nBCd,d that is induced by Q[BO{d)+). 

Let D'^ denote the c?-dimensional closed disk. The inclusion of linear diffeomor- 
phisms 0{d) Diff induces a map on classifying spaces BO{d) — >■ B Diff (D'^) ~ 
Boo{D'^)- More generally, if denotes a disjoint union of n copies of D'^, then 
there is a map 

<^„: X„ -.^BOidr xs„ Emb({l,-- - ,n},M°°) ^Boo(i?^), 

from the space of configurations of n points in R°° labelled by d-dimensional linear 
subspaces in to the space of configurations of n disjoint d-disks in K°°. The 
disjoint union of the spaces X„, for all n, can be adjusted up to weak equivalence 
to form a topological monoid whose group completion is homotopy equivalent to 
Q{BO{d)+), see [TO]. 

Lemma 5.5. The composite 

g X„ U BUDt) nBCd,o 

n—l n—1 

is a group completion. Moreover, the induced weak equivalence /3: Q{BO{d)-f-) — s- 
U,BCd,d is a homotopy inverse to a of Theorem \2.Si 

Proof. Recall that the weak equivalence a of Theorem 12.21 (as well as the map 
a of Theorem 12. ip is given by a Pontryagin-Thom collapse map applied to every 
embedded cobordism (see also section 2). The map of the Lemma followed by the 
weak equivalence a can be identified with the group completion map 

oo 

Y[ BO{dY' xe„ Emb({l, •••,«}, M°°) ^ Q{BO{d)+) 

since this can also be described by a collapse map illl, §3]. □ 

Let 77: Q{BO{d)+) — >■ A{BO{d)) be the unit transformation of A-theory eval- 
uated at BO{d). This factors through the excisive approximation to A-theory 
represented by the spectrum e.g. see [SJ Section L4]. For a more geometric 

construction, following Waldhausen's manifold approach [14], see [1]. 
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Theorem 5.6. The following diagram commutes up to homotopy, 

nsCdM 1 > Q{BO{d)+) 



A{BO{d)) 



Proof. Since 77 and f are both loop maps, it suffices to sfiow tfiat tlie diagram 
commutes up to fiomotopy wfien restricted along ij^d o : Xn VlBCd,d, for 
every n. Since ijjd o factors through BrxiiDf^), it suffices to show that, for every 
n > 1, the following diagram commutes up to homotopy: 



^Q{BO{d) + ) 




A{BO{d)) 



By Theorem 15.41 is homotopic to x^^^ ■ Also the composite map a o ijjd is 

homotopic to the Becker-Gottlieb transfer map of the universal DJ^-bundle, followed 
by the map of the vertical tangent bundle. Then the commutativity of the diagram 
follows from the universal Riemann-Roch theorem of [51 Theorem 8.5]. □ 

Remark 5.7. Theorems 15 .41 and 15 . 61 can be seen as structured forms of an additivity 
property for the parametrized A-theory Euler characteristic and its factorization 
via the unit map. Note that while we have only assumed the universal Ricmann- 
Roch theorem :6' for smooth bundles of disks, the combination of the two theorems 
implies the factorization 

Q{BO{d) + ) 



^A{BO{d)) 



BDiff(M) 



for every smooth d- manifold M (possibly with boundary). 



6. Concluding Remarks 

1. Similar ideas apply in the case of cobordism categories with tangential struc- 
tures. Let : X — i> BO{d) be a fibration. The authors of [7] defined a cobordism 
category of manifolds equipped with a tangential 6'-structure, i.e. a lift of the 
map classifying the stable tangent bundle to X. The main theorem of [7] identi- 
fies the homotopy type of BC^ with the infinite loop space i7°°~^MT0 of the Thom 
spectrum associated with the stable bundle 0*{—-fd)- Genauer [5] studied the cobor- 
dism categories g of manifolds with boundary and a tangential 0-structure and 
determined their homotopy types. We can similarly define a map 

: nBC% ^ AiX). 

An important special case is the oriented cobordism category C^g associated to 9 
being the orientation cover. Then similar arguments show that there is a homotopy 
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nBC^ 



^A{BSO{d)) 



The weak equivalence in the diagram is shown in [5", Proposition 6.2]. 

2. A version of the Bokstedt-Madsen map in the oriented 2-dimensional case was 
defined in [12]. This map was used there to deduce the existence of a certain 
splitting of the homotopy type of that cobordism category. The arguments apply 
similarly in higher dimensions. Let M be a closed d-dimensional manifold embedded 
in ]R°°, so that it may be regarded as a (endo)morphism in Cd- Thus it defines a 
point in flBCd and, using the infinite loop space structure, we can extend the 
inclusion of this point to an infinite loop map 



where e : BO{d) * and Tr denotes Waldhausen's trace map [13], we obtain a 
self map of QS'^. By Theorem 15.41 it is easy to see that the homotopy class of this 
map can be identified with the Euler characteristic of M, x(Af) G ttq = Z. Thus, 
for every such M , we obtain a geometric description of a splitting of a copy of the 
localized sphere spectrum {QS^)[x{M)~^] from ^IBCd, as infinite loop spaces. 

These splittings can also be realized at the level of the Thom spectrum MTO{d) 
as follows. The bordism class of M defines an element [M] g 7roMTO(d) represented 
by a map QS'^ — )> il°°MTO{d). Up to the weak equivalence a of Theorem 12. 1[ this 
is the same map as Jm- Composition with the map V,°°MTO{d) — >■ Q{BO{d)+), 
given by the addition of the tautological bundle, and the map Q{BO{d)+) — > QS^ , 
which collapses BO{d) to a point, produces the same self-map of QS'^, specified as 
multiplication by x{M). If M C M^, this is represented by the composite 



^ Th(i.M) ^ TH^d,N-d) ^ "^HltN-d © ld,N-d) = S^ A Gr<i(M^)+ ^ S 



where the first map is the Pontryagin-Thom collapse map, the second map is defined 
by the classifying map for the normal bundle of M, the third map is the addition of 
the tautological bundle and the fourth map is given by collapsing at the basepoint. 
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